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Abstract : The Second Law of Thermodynamics asserts that the physical 
entropy of an adiabatic system is an increasing function in time. In this paper 
we will study a more stringent version of this law, according to which the 
entropy should not only increase in time, but the rate of increase is optimal 
in absolute value among all possible evolutions. We will establish this property 
in the framework of non-linear scalar hyperbolic conservation law with strictly 
convex fluxes. 

1 Introduction 

We consider solutions to the following equation 

d t u + d x f{u) = in l + xf,| 

u(x,0) = u (x), J 

where the flux / is strictly convex ( f" > c > )and the initial date Uq £ L°°. 
It is well known, that, even for smooth initial data, the classical solution can 
cease to exist in finite time, due to the possible formation of shocks (see 
Chapter 4.2 in [Da]). Therefore one has to consider weak solutions of (0Q), 
i.e. solutions, which satisfy (0Q) in the distributional sense. However it turned 
out, that, for a given initial data, the space of weak solutions is huge (see 
Chapter 4.4 in [DaJ). Therefore additional conditions have to be imposed to 
single out the physical relevant weak solutions in some models. 

In 1957 Oleinik proved in |Q1] uniqueness of bounded weak solutions, 
which satisfy almost everywhere her ' 'E- condition' 

y — x 

u(y,t) — u(x,t) < — - — , for x < y ,t > , (2) 



"Department of Mathematics, ETH Zentrum, 8093 Zurich, Switzerland. 



1 



where c = inf /". A immediate consequence of this condition (j2J) is a spectac- 
ular regularization phenomena. Oleinik proved, that for bounded measurable 
initial data, the weak solution satisfying almost everywhere (T5]) becomes im- 
mediately locally BV in space and locally in space-time in the complement 
of the initial line . 

A more powerful approach was given by Kruzhkov in [Krj . where he re- 
places condition §2§ by a family of integral inequalities. This approach covers 
also cases, where / is non-convex and the space dimension is bigger than one. 
However in the case of convex fluxes one can show, that his entropy condi- 
tion is equivalent to Oleinik's E-condition (see Chapter 8.5 in |DaJ). More 
precisely for u e L°° he proved existence and uniqueness of weak solutions 
satisfying the entropy condition: He considers the family of convex entropy 
flux pairs (r]a,Qam, where 

r} a (u) = (it - a) + and £ a (u) = sign(w - a) + {f{u) - f(a)) , (3) 

and w + stands for max{w, 0}. Then an entropy solution is a bounded func- 
tion u, which satisfies (OQ) in the sense of distributions and 

dMu) + d x Uu) < . (4) 

Equivalently one can replace the one parameter family (r] a , £ a )aeK and as- 
sume, that is fulfilled for all convex 77 with corresponding entropy flux £, 
which is defined by £ = J rj'f. As a consequence of this one can show, if the 
initial data w is in BV, that u is in BV for all later times. 

Let a A h denote min{a, b}. Let u G L°°(R x [0, T)) be a weak solution of 
([T]), such that 

m(x, t, a) = d t (u A a) + d x f(u A a) e Mi oc (R x I + x 1) 

where Ai denotes the space of Radon measures. One can define the absolute 
value of the entropy production over a set Q C R x R + as being 

EP = \m\(n,a)da. (5) 
Jr 

In the case of u being an entropy solution and hence in BV, the measure 
m(x,t,a) and therefore the entropy production of u simplifies to 

EP= [ A(m + ,«-)K 1 LJ u , (6) 
Jn 

where J u denotes the rectifiable set of jump points of u, u + and U- are 
respectively the left and right approximate limits of u for some orientation 
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of J u and 



{a-bf M+£M _( a _ b )j b f( s ) ds 
A(a,b) = l - . (7) 



[( fl -6)a + (/(a)-/(6))a]s 

It is natural to compare the different entropic productions of the weak solu- 
tions to (00) - BV or not BV ! - and to ask the following questions : does 
there exists a weak solution which minimizes the entropy production and, if 
so, what properties does a minimizer of (TJJ) have. 

In this work we provide a partial answer to this question. We show a 
weak solution of ([1]) whose entropy production increases in time less, than 
any other weak solution's entropy production, has to be the entropy solution. 
Precisely 

Let W denote the set of defect measures induced by a weak solution of 
P, i.e. 



m(x, t, a) G M.[oc s.t. m(x, t, a) = d t {u A a) + d x f{u A a), 
where u G L°° is a weak sol. of ([]])• 



Our main result in the present work is the following. 
Theorem 1. Let f G C 2 (R) such that f">c>0 and 

lim f(x) = oo . (9) 

Moreover let uq G L°°(IR) be compactly supported. Let ueL°°(Rx [0,T)) be 
an arbitrary weak solution of (Q]] ; such that m(x, t, a) = d t {u/\a)+d x f{u/\a) is 
locally a Radon measure in M x [0, T) x R . Assume the "entropy production" 
m satisfies 

I \m\ (R X (0, t), a) da < / \q\ (R x (0, t), a) da V q G W and Vt G (0, T) . 

(10) 

Then u is the entropy solution, i.e. satisfies (TJjj and equivalently (fj]j. 

A similar criteria in a more restrictive setting is considered by Dafermos 
in Chapter 9.7 of |Daj . He considers weak solutions u of (JT]) with initial data 

, s / ui if x < 0, , s 

U ^ x) = \u r if x>0. (U) 

Since the conservation law is invariant under Galilean transformations it is 
reasonable in this case to consider weak solutions of the form 



u{x,t) = v (^j 
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One can then define to — | and consider v as a function only dependent of 
00, i.e. v = v(lj). Then v{uS) satisfies the ordinary differential equation 

±(f( v (u))-ujv{uj)) + v{u) = Q 

in the sense of distributions and has prescribed end states 
lim v(oj) = ui and lim v(u) = u r . 



LJ — ► — OO 



Furthermore it is assumed that v is in BV and denotes J v the set of jump 
points u for v. For a given entropy-entropy flux pair (rj(u), C. Dafermos 
defines the combined entropy of the shocks in v by 

^ = E - - <" - iMw-))]} • (12) 

Furthermore he introduces the rate of change of the total entropy production 



d 



OO 



H v = — / r](u(x,t)) dx = / rj{v{u))du), 

J — OO J -oo 

for entropy-entropy flux pairs (rj, £) such that r/(ttz) = 77(w r ) = 0. 

He shows that in this simple case the rate of change of the total entropy 
and the entropy productions are related to each other by 

H V = P V + - £(Ur) ■ 

We can now relate the combined entropy V v to our entropy productions (j5J). 
To do so one notices, that for a T > 0, ip G C£°(R x (0, T)) and an entropy- 
entropy flux pair (77, £) we get after a change of variable 

rj(u(x, t))d t ip + t))d x ip dx dt 

Rx[0,T] 

0(u;) - ri(w)-r- [w • 00)] 



do; do; 

Ul(zJ v 

(13) 



where 

r-T 



0(0;) = / lj)(u}t,t)dt. (14) 
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For a jump point u we write v + = v(u+) and t>_ = v(u—), then taking the 
particular entropy-entropy flux pair (r) a , £ ), defined in and using identity 
( fT3l) gives 

ifj(x, t)dm(x, t, a) da 

x[0,T] 

Jm -U>EJ v 

(15) 





A short calculation reveals 

ta(v + ) - i a {vJ) - UJ [l]a(v + ) - T] a (V-)] da 

= -\u(vl-v\)- p sf{s)ds, (16) 

where we used the Rankine-Hugoniot condition for self similar solutions: 

- = ^0+ ~ v-) ■ 

Applying ([TBI in (fTo"]) gives 

^>(x, t)dm(x, t, a) da 

x[0,T] 

= ]T {£(17(0;+)) - £(«("-)) - w - rfa , (17) 

where (r/, £) is the entropy-entropy flux pair 

1 

77(v) = -v 2 and = / sf'(s)ds. (18) 

From (|T7|) we deduce with (JHJ) 

^ I m(Mx [0,T},a)da = V v (19) 
Mr 

where the combined entropy production 7^ is taken for the entropy-entropy 
flux pair defined in ( TLB"]) . Since T > is arbitrary and P„ independent of T 
it follows from (fT9l) 



7 /• 

— / m(R x [0, £], a) da = V v for all t > 



(20) 



which finally relates ffT2"j) to (jSJ). 

Then a weak solution u = v (|) of ([T]) with initial data ffTTj) is said 
to satisfy the entropy rate admissibility criterion if it satisfies the following 
optimality criterion of the entropy production 

or equivalently 

holds, for any other weak solution u = v (|) of ([T]) with initial condition 

m 

Using (1201) one can express the entropy rate admissibility criterion for the 
particular entropy-entropy flux pair in (fT8l) in terms of the entropy production 
(0): A solution u — v (|) with initial data ffTTT) and defect measure m(x, t, a) 
satisfies entropy rate admissibility criterion if 

d f d f 

— I m(R x [0,t],a)da < — \ rh(R x [0,t],a)da for all t>0 (21) 

for any other weak solution u = v (|) of ([I]) with initial condition ( fTTT) 
and defect measure rh(x,t,a). One can also integrate fl2Tl) and obtains the 
equivalent condition 

m(Rx[0,t},a)da< m(Rx[0,t},a)da for all t>0. (22) 
Jm Jr 

Therefore fl2~Il) and (|2"2"]1 show, that the entropy rate admissibility criterion 
can be interpreted as a growth condition of the entropy production ([5]), which 
is similar to the growth condition ( jTUl) in Theorem [TJ In Chapter 9.5 of [DaJ 
it is proved: 

Theorem. JDaf A weak solution u of (QP with initial data ( T771) satisfies the 
entropy rate admissibility criterion for an entropy- entropy flux pair (77, £) if 
and only if u satisfies the E-condition (d)). 

Again by (I2T!) and (|22|) one sees, that this Theorem establishes, similar as 
in Theorem HJ a connection between growth rate of the entropy production 
© and entropy admissibility conditions ([2D and (jlj). In Chapter 9.5 there is 
also an extension of this theorem in the case of strictly hyperbolic systems. 

Another results relating an optimality criterion to entropic solution is 
given by A. Poliakovsky in |Poj . For u : M n x [0,T] — > M fc he considers a 
family of energy functionals 

I ej{u) = \f [ (e\V x u\ 2 + -\V x H\ 2 ) dxdt + l [ \u(x,T)\ 2 dx (23) 
^ Jo Jm™ \ e J 2 j Rn 
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where 



A X H, 



u 



d 1 



\u + div x f(u) . 



Under certain assumptions on the flux / he shows, that there exists a mini- 
mizer to 

inf {hj{u) : u(x, 0) = u (x)} 
and this minimizer satisfies 



In the particular case k = 1, he calculates the r-limit of (l23l) as e — > + and 
finds an alternative variational formulation of the admissibility criterion for 
the particular solutions to the scalar conservation laws that can be achieved 
by this relaxation procedure. 

The result of A.Poliakovsky has been inspired by previous works estab- 
lishing a link between some variational optimality condition of a relaxed 
problem and the entropy condition at the limit. Among these works we can 
quote |RS1] , [RS2j and [ALR] . Let us describe the results established in this 
3 works here : 

We consider for a bounded domain Q C M 2 the space JAdi v (Q), which 
consists of unit vectorfields u such that u = e %ip for a <fi G L°°(f2,R) and 
div e t(pAa is a Radon measure over fixE. This space Addiv was introduced 
by S. Serfaty and the second author in [RSlJ and |RS2j in connection to a 
problem related to micromagnetism. We give here a brief description. Let Q 
be a bounded and simply connected domain, for u G W 1,2 (fl, S 1 ) and a e > 
we consider 



where H = V(G * u) , u = u on Q and u = in Q c and G is the kernel of the 
Laplacian on R 2 . 

It was proved in |RSlj . [RS2j that from any sequence u £n G W /1 ' 2 (fi,S 1 ) 
such that e — > and E £n {u £n ) < C one can extract a subsequence u £n , such 
that ip £n , converges strongly in L P (Q) for any p < oo to a limit if such that 
e lip = u G A4div(ty- Furthermore the authors are conjecturing that the 
T-Limit should be given by the following functional E over M. div {Vt) : 



d t u + div x f(u) 
u(x, 0) 



eA x H u V(x, t) G R n x (0, T) 
u (x) Vx G l n . 




(24) 
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Part of the T— convergence has been proved as they established in one hand 
the following inequality 



E (u) := 2 / | div (e^ Aa ) | (0) da < lim inf £ £n , i 
Jam 



(26) 



and in the other hand that 

lim inf EJu) = 2 inf / I div (e i<fiAa ) I (Q) da = 21901 , (25) 

where |90| is the perimeter of the set Q. One can prove (see |RS1] ). that 
the infimum on the right hand side is achieved by u = — V -1 dist(-, dQ) G 
M. div {VL). The function g = V -1 dist(-, dQ) is the viscosity solution of 

|V0|-1 = on tt, 
g = on d£l . 

A question, which was left open in [RSI] and [RS2] was to describe the 
possible limits u of minimizing sequence of (EMI) . It was conjectured that 
u = ±'V ± dist(-,dQ) are the only possible limits of sequences of minimizers. 
A positive answer to this conjecture has been given in |ALRj . Precisely, in 
[RS2J it is proved that the limit u of a minimizing sequence of ( 12^1) satisfies 
the entropy condition 

div e ilpAa > for all aGl (27) 

or div e llpAa < for all a 6 R. Then in |ALR] the following result is 
established 

Theorem. JILEj Let u = —'V ± g be a divergence free unit vector-field in 
the space 7^1^(0). The entropy condition (FJ\ ) holds if and only if g is a 
viscosity solution of IfiZb}) and therefore g is locally semiconcave in Q and 

Therefore, as a conclusion, one deduces the following equivalences for this 
particular problem 

viscosity solution to fT2B|) <^=^ entropy condition fl2T|) 
<^=^> minimality of the entropy production 



The paper is organized as follows: First, in section 2, we establish some 
technical preliminary results. Then in Section 11.21 we will show, that the 
measure 

m(x, t, a) da 
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has no points with strictly negative density, outside possibly a set of 1- 
dimensional measure 0, i.e. we claim 

lim - / m (BMxo, t )), a) da > for H 1 a.e. (x , to) G 1 x (0, T). 

(28) 

In the last section, using an argument similar to the one used to prove the 
main result in |ALRj . we deduce that the non negativity condition ( 1281) im- 
plies that u is entropic. 
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1.1 Preliminary results 

In this section we define a notion of weak entropy solutions (see Definition 
[1]) of scalar conservation laws on domain of trapezoidal shape (see ( 1301) . Af- 
terward we will prove Lemma Q], which roughly says that for that kind of 
entropy solutions the same properties hold as in the classical case. We will 
use this results in Section 2.2 and Section 2.3. 

For < ti < t 2 < T and a S > we define the set 

T t t l:={(x,t)\t 2 >t> 1 (x,t 1 )} (29) 

where 

( t- X(x + 5)) iix<-5, 
7(2, t) = I t if |ac| < 5, (30) 

[ t + X{x-5)) i£x>6. 

for a constant < A < 1. Further we set 

All '■= = (s.tOMi)) andti < t < t 2 } . 




Figure 1: The set 

As for mentioned we define now a notion of weak respective entropy so- 
lution on the domain 

Definition 1. For a v 1 £ L°°(A^) we say that v £ L°°(r t *) is wea/s solution 
of 

d t v + ^/(x) 
u 

i//or a«V e C'f (R x [M2)) 



f vd t ip + f(v)d x ip dx dt + 







m 
on 



At 



(31) 



*3 



r da = 



(32) 
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holds, where r is the unit tangent vector of . Furthermore we say that 
v G L°°(r*j) is an entropy solution of 137]) . if v additionally satisfies 

q(x, t, a) := d t v A a + d x f(v A a) G -M; oc and q(x, t,a) > . 

A priory it is unclear if, for an arbitrary boundary condition V\ G L°°(A^), 
the conservation law (I3T1) possess a weak solution or not. We can however 
prove the following proposition. 

Proposition 1. Let v\ G L°°(R x [0,T)) be a weak solution of (Q]j. Then 
for all < A < 1 and for almost every ti G (0,T) and all t 2 G (ti,T) t/ie 
profr/em 

3t« + = in r\l , 1 

v = vi on A^ , J 

/ias an entropy solution in the sense of Definitional 

The basic idea for proving Proposition [T] is to use the correspondence 
between weak solutions of ([I]) and viscosity subsolutions of 

d t g + f(d x g) = 0, 1 « 33 . 
#0,0) = </ o (a0- J 

Before we are going to prove our assertion, we briefly repeat the definitions 
of viscosity sub- and supersolutions. We say that g is a viscosity solution of 
(15311 . if for an y P° int (x ,t ) G R x (0,T) and for any ij) G C^R 2 ) such that 
g — ip attains its maximum in (a;o,to) the following inequality holds 

d t ip(x , t ) + f(d x ip(x , t )) < . 

Similarly we say, that g is a viscosity supersolution of ( l33l) . if for any point 
(xq, to) £ R x (0, T) and for any for any ip G C 1 (1R 2 ) such that g — ip attains 
its minimum in (xo,to) the following inequality holds 

d t ip(x , t ) + f(d x ifj(x , t )) > . 

We say that g is a viscosity solution of (1331 . if g is both a sub- and su- 
persolution. Theorem 2 in |CHj establishes a correspondence between weak 
solutions of ([T]) and viscosity subsolutions of ([3"31 . 

Theorem 2 (Conway, Hopf). Let u G L°°(R x [0, £)) fre a weak solution of 
(dp. T/ien t/iere exists a g E W^°°{R x [0,T)) w/wc/i satisfies (C3|) a/most 
everywhere and is such that u(x, t) = d x g(x, t) and uo = d x g(x, 0) for almost 
every x G R. 
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Proof of Proposition {Ji Let V\ G L°°(R x [0, T)) be a weak solution of 
(PP); then, according to Theorem[21 there exists g\ G x [0, T)), which 

solves ( l33l) almost everywhere. By Fubini's Theorem we can choose t\ such 
that both dtgi and d x g\ are in L°°(A^) and such that 

/ d t gi + f(d x gi) da = and v 1 = d x g x a.e. on . (34) 

n 

For t\ < t2 < T we want to show, that there exists a viscosity solution (7 of 

dtg + f(%g) = in rg, 1 

9 = Si on Ag. j 1 ; 

Then we claim, that v = d x g is an entropy solution of (l3~Tj) . in the sense of 
Definition [H The existence of such a viscosity solution g will be guaranteed 
by the existence result of Ishi (see Theorem 3.1 in [Hj). In order to be able 
to apply that theorem we must find a viscosity subsolution g and a viscosity 
supersolution g of ( 1331) . which satisfy pointwise g = g = g\ on A*^ and g <g 
in rg. According to Proposition 5.1 on page 77 in [BC| . the fact that g\ 
satisfies ( 1331) almost everywhere implies, that g\ is a viscosity subsolution of 
(13"3"]) . Thus we can put g = gi and it remains to find a viscosity supersolution 
g such that g > g± and 7? = gi on A^. For two positive constants A, B we 
consider the function 

9 v (x, t) = gi(y, 7(1/, *i)) +A\x-y\ + B\t- 7(1/)! • 

We calculate for (x, t) G 

<9 t g y (x, t) + f(d x g y (x, t)) = B sign(t - 7(2/)) + /(a sign(a; - y)) . 

By (jnj) this is positive, if we choose A large enough. Thus 

d t g y (x,t) + f(d x g y (x,t)) >0 for (x,t)GT^. 

Proposition 5.1 on page 77 and Proposition 5.4 on page 78 in [BCJ imply, that 
g is a viscosity supersolution. Further we notice, since g\ G W /1,00 (M x [0, T)), 
that for all y and suitable choices of A and i? 

9i(x,t) < g{y,i{y)) + -y\ + B\t - • 

By Proposition 2.11 on page 302 in |BCj 

g(x,t) = inf g (x,t) 
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is still a supersolution. Furthermore w satisfies by construction g = g\ on 
All and 

g > g in r*^ . Hence all assumptions of the existence result (Theorem 
3.1) in [Is] are fulfilled. Therefore there exists a viscosity solution g of ( !35l) 
such that gi < g < By Example 1 in [HJ, the viscosity solution is Lipschitz 
continuous, i.e. g G W /1,00 (r^). For (x,t) G and (y, s) G we notice 
that 

9i(x, t) - g(y, s) < g(x, t) - g(y, s) < g(x, t) - g x {y, s) . 

Using the fact that gi is Lipschitz continuous and the construction of g we 
deduce from the previous line 

-\\(x,t) - MUCx < g{x,t)-g{y,s) < C 2 \\{x,t) - (y,s)\\ , 

which means g G W 1 ' 00 ^ UA'j). 

Next we are going to show, that v = d x g is a weak solution of (T3T1) in 
in the sense of Definition [H Since g satisfies (J35l) almost everywhere, it 

follows for a ^ G C C °°(R x [0,t 2 )) 

/ d x ij)d t g + f(d x g)d x i(j dxdt = 0. (36) 

We denote the outer unit normal vector of Y 2 by n. Integrating (IHB"]) twice 
by parts gives 

' d x ibd t g dx dt = [ g( -nda+ [ d t ibd x gdxdt. (37) 

T t2 J dT t2 \d x l/> J J r t 2 ^ > 

Rewriting the boundary term in fl3T|) and using the fact that ip(x,t 2 ) = 
leads to 



#i(s, 7(5, ti)) [d t ip(s, j(s, h))y(s, ti) + d x tp{s, j(s, t x ))] ds . (38) 



81 



Integrating the right-hand side of fl38|) by parts leads to 



9i{s, j{s, ti)) [9 t ^(s, 7(s, *i))<Ms, ti) + d x tp(s, 7(5, ti))] 

32 d f S2 d 

g 1 (s,j(s,t 1 ))—tp(s,~f(s,t 1 ))ds = - / —g 1 {s^{s,ti))-il)ds 



ds J S1 ds 



(39) 
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Therefore, combining (|38|) and (1391) we can rewrite the boundary term in (13*7)) 
/ ta 91 ( - nda = l d *9i + d t gi ■ d s j(s, ti)] ^ (40) 

Using (154"]) . the right-hand side of (T401) simplifies to 

J 9 H 9l ( d^J - nd(T = i 9 x9i - f(dx9i) ■ d s j(s, ti)] ^ ds 

= Lj'{-nL))- Td °- 

where r is the unit tangent vector of . We replace now the boundary term 
in (|3"T|) using the above identity 



/ d x 



ipd t g dxdt = I ip ( flp^g -j ) ' r + / 9 t ipd x g dx dt . 



Finally, this together with ( 1361) gives 

^ ( f(n Xrda+ [ d t tpd x g + f(d x g)d x ij dxdt = 0. 

►1 *1 

Since V\ = d x g\ and by putting v = d x g, we see, that v is a solution of (l3~T]) 
in the sense of Definition [U Finally it remains to show, that v is an entropy 
solution in the sense, that 

d t v A a + d x f(v A a) > 0. 

By Corollary 1.7.2 in [CSj v satisfies for all (x, t), (y, t) E T 1 ^ such that x < y 

v(y,t)-v(x,t) < ■ 

This immediately implies q(x,t,a) > (see Section 8.5 in [Da]). □ 

Proposition [T] being proved, we now establish some properties for entropy 
solutions to (I3~T1) analogous to those in the classical case (see [Da]). Precisely 
we are going to show 

Lemma 1. Let v\ G L°°(IR x (0, T)) be a weak solution of (OJ). Then there 
exists a constant Aq > 0, depending on f and ||t>i||oo, such that, for any 
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domain T 1 ^ satisfying < A < A , the entropy solution v G L°°(r^) 0/ 07]) 
witt boundary condition V\ G L°°(A^) satisfies 

fS'2-S 

lim / |v(s,7(s,ti + e)) - wi(s,7(s,ti))| (is = , (41) 



where 



«1 



S\ = z ana S2 = — - h . 



A 

Moreover 

||f ||oo < IKIU (42) 
and there exists a constant C > 0, depending only on \\v\\i and \, such that 



/ q(x,t,a) dadx dt < C(t 2 — ti 
Jrl 2 



(43) 



Let now Wi, w 2 G L°°(R x (0, T)) be weak solutions of |JJ). Then there there 
exists a constant Ai > depending on f and max{||t/;i|| oc , Halloo} su °h that, 
for any domain T\ 2 satisfying < A < Ai and any choice of two entropy so- 
lutions respectively V\ G L°°(r^) with boundary condition w\ G L°°(A^) 
and i>2 G L°°(r^) with boundary condition w 2 G L°°(A^) the following 
holds : for any t G {ti,t 2 ) and a constant C > depending on T 1 ^ and 
max{||iwi|| 00 , Halloo}-' 

e+(t) /■ 

|fi(s, £) — v 2 (x, t)\ dx < C / \wi—w 2 \da, (44) 

-(*) J K* 



where 

e±(t) = ± i —J±±5. 

A 



Remark 1. Inequality (1441) implies in particular the uniqueness of the entropy 
solution for a given initial data w on A*^ issued from a weak solution to (0Q). 

Proof of LemmaUl We start to prove ( 1411 . Let i? > such that 

R + f(±R) > 0. 

We choose Ao such that 

Aq 1 = max{|f (R+ 1 + H^)] , |f(-i? - 1 - (MUD . (45) 

We consider now a domain r*^ such that A < Ao and an entropy solution 
v G L°°(r*j) of ( 13T|) exists. From Example 1 in jig], we know, that 

Hoo<fl+l. (46) 
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Let ip e C C °°(R x [0,t 2 ))- From Theorem 1.3.4 in [Daj we get for all e > 
and sufficiently small (t 1 + e < t 2 ) 

vd t tp + f(v)d x ip dxdt = — I ( V f( . J ■ rip da . 



■/(«: 



Since if)(x,t 2 ) = this implies 



L t 1 +e "ii+e 



vd t ip + f(v)d x ip dx dt = — I ( ^^)-"T0dcr. (17) 



As £ — > + the left-hand side of ( l47j) converges to 

+ f{v)d x ip dx dt . 



r; 2 



Since f is a weak solution of ( 1311) this later fact implies for the right-hand 
side of (JUD 

lim / ( ^ A -rip da = [ ( 1) A -r^P da (4£ 



^0+J A l2-e\-f(v)J ' J A t 2 \~f(Vl 

In order to keep the notation simple we introduce 



s 



= ( ^ s t s ) and u e (x, t) = v(ar, t + e) . 



From (T48l) we deduce 



lim r *{wi(700) -^(7(s)) + A[/(^(7( S )))-/K(7(^)))]W^. 

(49) 

By ( 145 p we obtain the existence of some constants C, c > for which the 
following holds 

c<l±f(a)<C for all a 6 - 1 - IHU, i? + 1 + ||u||oo) ■ 
Therefore we get from (149]) . that 

lim v(s, j(s, t\ + e)) = vi(s, j(s)) for a.e. sG[si,s 2 ]. (50) 

e^0+ 

By dominated convergence, we deduce the claim (|41 j) . 

To prove the remaining claims of our lemma, we need to introduce the 
kinetic formulation of conservation laws, we recommend the introduction to 



16 



this subject given in |Pej . However we need here a slight modified version of 
this formulation. We define for any dgM 

x (v;a) : = 1 B <„ , 

where l a < v is the characteristic function of the set {a G R : a < v}. Then a 
weak solution v G L°°(T^) of (l3"TI) satisfies in the distributional sense 



dtx(v(x,t);a) + f (a)d x x(v(x,t);a) = d a q(x,t,a) in l\\ , 

X(v;a) = x(vi,a) on A§ . 

In other words this means, that for all ip G C£°(R x [0,t 2 ) x R) 
x(f ; a)^^ + f'{a)x{ v \ a )d x ip da dx dt 



(51) 



1 / / r ( i ( fv a) . J -rdada. (52) 



r; 2 7a 2 



-/'(o)x(ui; a ) 

In order to prove (|44p . (|42|) and (|43|) we need to regularize our kinetic equation 
( I5TT) . We choose <£>i(a?), ¥>2(£) G C^°(R) non- negative functions such that 



supp (pi C (-1, 1) , supp ip 2 C [-1, 0] 

and 

/ cp 2 dx = / ipi dx = 1 . 
7k 7r 

We define the kernel 

¥> 6 0M) = ^1 (j) ^2 • (53) 

For a constant C depending only from A we have 

dist((a;,t),9rg) > e for all (z,t) G . 
Consequently for (x, t) G r^T C g 

^(x-y,t- S )=0 for (y, s) edV%. (54) 
We define moreover the two mollified functions 

Xe(x,t,a)= / (p e (x -y,t- s)x{v{y,s);a)dyds 
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and 

q e (x,t,a)= I <p E (x - y,t - s)q(y, s,a) dyds . 



For q £ and (x, t) £ ^tl+cl we compute 
q e (x,t,a) - q £ (x,t,b) 



/ <p e (x-y,t-s) [q(y, s, a) - q(y, s, b)] dy ds 

d t (p e (x — y, t — s) [v A a — v A b] 
+ d x cp s (x -y,t- s) [f(v A a) - f(v A b)} dy ds , 



1 '1 



where we have made use of (I5%|) . Since 

\v A a — v A b\ < \\v\\oo\b — a\ 
it follows from the calculation above 

\q e (x,t,a) - q e (x,t,b)\ < / \d t ip £ \ ■ IMUI& -a\ + C \d x (p e \ ■ ||f||oo|& - a\ dyds 

Ml 

< C\b-a\ . 

Therefore q £ is Lipschitz continuous with respect to the kinetic variable a 
and we have for almost every a £ K in the classical sense 

d tX e + f'(a)d xX e = d a q £ (x,t,a) in rg"g| . (55) 

Notice that due to the convolution with y9 e both Xe an d ? e are smooth with 
respect to (x,t). Furthermore for (x,t) £ r^~^ the function q £ satisfies 

q E (x, t, a) — if |a|>||f||oo- (56) 
This follows from the classical fact, that 

q(x, t, a) = for |a| > ||f||oo ■ 
Indeed for \a\ > ||f ||oo an d ip £ C£°(r*^) we compute 



q(x,t,a)ip(x,t) dxdt = j [d t v(x,t) A a + d x f(v(x,t) A a)]ip(x,t) dy ds 

[d t v(x, t) + d x f(v(x, £))] -^(x, t) g?£ 
f (x, t)dti/j(x, t) + f(v(x, t))d x ip(x, t) dx dt 
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Consider now a convex function 77(a) in C l , which satisfies 

lim 7](a) = 

c 

and denote 



a— »— 00 



£(o) = / r)'(a)f(a) da. 
We claim that for all (x, t) G r*J~^ the following holds 

d t rj £ (x, t) + d x £ £ (x, t) = — r]"(a)q e (x, t, a) da . 



where 

rj e (x,t)= I r)(v(y,s))<p £ (x -y,t- s) dyds 



and 

£ e (x,t) = I £(v(y,s))(p e (x - y,t - s) dyds 



'1 

Later will make special choices of 77 in order to get ()42l) and (H3l) . 
Proof of claim ( I57p . We multiply (155]) by 77'(a) 

rf(a)dtXe + v'( a )f( a )dxXe = d a q £ (x, t, a) . 
Then integrating this equation with respect to a gives 



r)'(a)d t Xe + riXa)f\a)d x Xeda= I r]'(a)d a q e (x,t,a) da . 

JR 

We compute for the left-hand side 

r)'(a)x £ da= / / rj'(a)x(v(y,s);a)(p £ (x - y,t - s) dady ds 
Jr 

■q(v(y, s))<p e (x-y,t-s) dy ds = rj £ (x, t) 



'r 



t-2 



and similarly for the second term 

rf(a)f , (a)x e da= / £{v(y,s))<p e {x - y,t - s) dyds = £ 6 (x,t) 



Thus ( 1581) reduces to 

d t r] E (x,t) + d x ^(x,t) = J r}'(a)d a q £ (x,t,a)da. 
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Integrating the right-hand side by parts gives 

7]'(a)d a q £ (x, t, a) da = — / r/"(a)q(x,t, a) da . 



where we have used the fact, that q £ is compactly supported in a. This gives 
the result ( 1571) as claimed. 

Next we integrate inequality ( 1571) over the set T\ i+Ce1 where t G (ti + 
Ce, t 2 — Ce). We will abbreviate ti + Ce by ti. We have 

/ d t r] E (x, t) + d x £ £ (x, t) dx dt — — / / r/"(a)q(x, t, a) da . (60) 

Jh Jh Jr 

For the first term on the left-hand side of flST?]) we compute 

f 5 

d t r] E dxdt= / T] £ (x,i) — i] £ (x,ti) dx 



rf J-s 
*i 



+ / d t r] £ (x,t) dt dx 

IS J\(x-5)+t 1 



+ / d t rj £ (x,t) dt dx . 

J-t—iL-S J-X(x+S)+ii 

This gives 

/ d t r) £ dxdt= / r) £ (x,t) -r] e {x,ix) dx 

f^ +S ( - \ 

+ / r] £ (x,i) — r] £ (x,\(x — 5) + ti) dx 

+ Ve( x i t) ~ Ve — A(x — 5) + iij dx . 



A regrouping of the terms together with a change of variable leads to 
/ d t r] £ dxdt= / rj £ (x 1 i)dx— / r] £ (x,ti)dx 

+ \ [ r) £ (9;(t),t)-r] £ (et(t),t)dt, 



£ 

where 

ef{t) = ± 1 -±±8. (62) 
A 
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Integrating now the second term on the left-hand side of flbOj) gives 

d x £ E (x,t)dxdt = [ U9?(t),t)-U87(t),t)dt. (63) 
r| J tl 



Inserting ( IpTjl and (16311 back in ( 1601) leads to the identity 

ret® 



/ r) £ (x,t) dx — / ( ^ J ■ rrfcr — / / r)"(a)q(x, t, a) da . (64) 



For suitable choices of ?y this equality ( 1641) will imply the first two claims of 
Lemma [U 

First we prove (142]) . Let a be a real number being fixed later in this 
proof. We choose 



77(a) 



(a — a ) if a — do > 
if a — do < 



and we aim to deduce 



\v (x, i) — a \ + da < C I \v (x) — a \ + da , (65) 
■(*) -/a^ 

from equality (1641) . The non-negativity of 77" (a) and g e implies 

rj"(a)q(x,t,a) da > . 



ri 



Using this inequality in equality (1641) . we obtain the estimate 

«+(*) 



/ r) £ (x,t)dx< I ^j-rda. 
Je-(t) ' J At V _ W 



Letting e — > + we get 

"(*) 



7/(ar,t)dz < / f ^y x \ ] -r 



•(*) ^ 



' da 



We observe 



which implies 



|£(a)|< max \f(b)\- V (a), (66) 

» < »i L 



8+(t) , 

r](x,t)dx<C / r]{vi) dx . 
*-(t) Ja^ 
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This is our desired result (1651) and choosing a = ||t>i||oo in floo|) gives 

-(*) 

and thus (1421) follows: 



|f (x, £) — a | + da = 



\v (x,t)\ < |M|oo a.e. in r£ . 

In order to prove (1431) . we choose now 

2a 2 if a > — ||f ||oo , 

77(a) :=<J (a+|HU)+2|H|^ if -(Moo + 2\\v\\l) < a < -\\v\ 
if a<-(|ML + 2|M| 2 J. 



Since rj is non-negative, we deduce from (jE 



2 / / q £ (x,t,a) dadxdt < / ( ^ e ) ■ r da . (67) 
Since 77(a) = 2a 2 for a 6 [— |M|oo, IMloo] we get 



|£(a)| = f d6 < /'(llwlU) /'° 

•'— ||«||oo •'— IMloo 

Hence, by letting e — > in ( 1671) . we obain 

/ q(x,t, a) dadxdt < C(5 + t 2 — ti) , 



as announced in (l4"3l . 

Finally we are going to prove (144p . We choose the domain in such a 
way that 

< A < Ai , 

where 

Ai = (max {f(-R - 1 - a), f(R + 1 + a)}) -1 

and (68) 

a = maxdlwiHoo, ||u> 2 ||oo} • 

For the two entropy solutions Vi, v 2 with boundary conditions w\ and w 2 we 
consider the kinetic equations 

d t Xi + f'(a)d x Xi = d a q t in O'^xl) 
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where Xi — x{ v i{ x i^)'i a ) for i = 1, 2 . Then, as before, we can regularize our 
kinetic equations with the kernel defined in 



dtXt + f(a)d xX t = d a q!(x } t } a) in r£;g* 

where 

xt(x,t,a)= / x( v i( x i a )v 9 e( x — Ui t ~ s ) dxdt for i — 1, 2 

Jr' 2 

*i 

and C > is again chosen such that for (x, t) G T*^^ 

V9 £ (x - y, t - s) = for (y, s) G dY\\ . 
Then the function ( X \ ~ Xif satisfies for (x,t) G T*^^ and almost every 

$ (Xi - Xlf + f{o)d x (xl - X\f = Xldaql + Xld a ql-Xld a ql-X\d a ql ■ (69) 

We make use again of the following abbreviation: t\ + Ce = t\. Let i G 
(ti, +t2 — Ce), then we integrate ( 1691) in r| x K, which leads to 

/ /ft (x? - X £ 2 ) 2 + /' («)ft (Xi - Xlf da dx dt 
Jvl Jr 

= / / xldaqt + X^daQ^-xldaql-xldaq^dadxdt. (70) 

We recall, that X ( v ] a ) — ^-a<v and 

qx(x, t,a) = q 2 (x, t,a) = for |a| > max{||vi|| 00 , Halloo} • 
Therefore we can calculate for (x,t) G r| and i, j G {1, 2} 

X\d a q]da= \ \ x{vi{y,s);a)<p e {x - y,t - s)q E Ax,t,a) dydsda 
Jr Jy\ 2 

q £ Jx, t, Vi(y, s))<p e (x -y,t- s)dyds. 



This implies, since tp £ and q £ are non-negative 



/ X2 d aq{da>0 and x £ id a q £ 2 da>0 
Jr Jr 
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which applied in flTOj) leads to the inequality 

\2 , fl 




d t (Xi ~ Xl) + f( a )d x (Xi - X2) rfa rfx rft 

< / / xldaql + xldaQldadxdt. (71) 
For the left hand-side of (I7T]) we compute 

d t (xi - xi) 2 + /'(«)^ (xi - xi) 2 ^ rfa 

JR JV 1 - 




e+(t) 



R </6»-(T) 



(x! - xi) 2 fo*) <foda 




(Xi - X2) 2 (Mi) ^xda 



-5 



+ A 




(x! - xi) 2 (dt(t)it) - (xl - xi) 2 (0l(t),t) dtda 



+ 




/'(«) [(Xi - X £ 2 ) 2 (Ol(t),t) - (xt - Xi? (Ot(t),t)] dtda, 

(72) 

where Of are defined in flo^j) . After a change of variable this expression 
simplifies to 



/ / ft(x £ -X £ 2) 2 + f(a)^.(x £ -X £ 2) 2 ^^rfa 
Jr Jvl 




r Je~(t) 



(Xi - X2) 2 (x,t)dxda 



(x! - xi) 2 
as A Vf( a ) (x! - xl)' 




■rdada . 

(73) 



Using identity (1731) in (17TT) gives 




r ^e^(f) 




< 



We claim 



(Xi - X^ 2 (x,i)dxda 



Xi^aii + xi<9a<?i ^ a ^ x ^ + 



(xi - xi) 2 
L\ Jr \f'(a) (x! - xi)' 




lim / / xtdaQi dadx dt = for £ e {1, 2} 



■rdada . 

(74) 

(75) 
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Proof of Claim ( 1751) . We consider the function xt ~ ixt) 2 which satisfies 
satisfies pointwise for (x, t) G r^~^ and almost every a£i 

dt [x! ~ (xtf] + f'(a)d x [xt - (xtf] = d a qt + 2tfd a tf . 
Integrating this in Y\ x R leads to 

!! d t [xl - (xtf] + f(a)d x [xt - (xt) 2 ] dxdtda 
Jr Jrl 

= ^XidaQi dx dt da , (76) 

Jr Jri 

where we made use of the fact, that qf is compactly supported in a. For the 
left-hand side of (1761) one can compute following step by step (1721) and (173]) 



f f % [xt ~ (xtf] + f'(a)d x [xt - (xt) 2 } dx dt da 
Jr Jv% 




r y„ ~ ( « )2 i <■'• 15 ix da -L L Uok ( -Lf] 



■r da da . 
(77) 



For the right-hand side of (ITTj) we observe 
<-et® 



f f 9 " (r> 2 

lim / / [xt - (xtf] {x,t)dxda 
£ ^ 0+ Jr J 67(f) 



[Xi - (Xi) 2 ] (%, t) dx da (75 

RJe-(F) 




and 

\2 



Inn / / ( ..„ X l S X *} .,21 ) • t tin da 



o+ A| Jr V/» [Xt ' (Xt) } 




Xi ^ 21 ) -rdada. (79) 



A* x Jr \f'( a ) [Xi - (Xi) 2 ] 
Since 

Xi = (Xi) 2 

the right-hand side of (1751) and ( J79l) are zero. Thus 
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With (177|) one concludes 

lim + / / 5 * ~ (Xtf] + f'(a)d x [xt - (xt?] dxdtda = 
Finally taking limits on both sides of (1761) we get 

lim / / XidaQi dadx dt for i G {1, 2} , 

*1 

as announced. 

Letting e — > + in (171]) and using (1751) leads to 




, , (xi-X 2 ) 2 (x,t)rfxc/a< / / f,,/w X2) vzVrdodff. (80) 
/r Jo-® Ja\ Jm \f( a ) (Xi ~ X2) J 

We compute 

/ {x{vi{x,t);a) -x{v2{x,t);a)) 2 da=\v 1 (x,t) -v 2 {x,t)\, (81) 

and 

(X1-X2) 2 \_,_( \w 1 -w 2 \ \ . . 

/»(xi-x 2 )V Ui g nK- W2 )(/K)-/M)i r - ^ 



Applying (Ell) and (jg2j in AST)]) gives 

signal - w 2 )(f(w 1 ) - f(w 2 )) 



\v 1 {x,i)-v 2 (x,i)\dx< I (., JZ\r f T 2 \ -f ) -rda. 



(t) J A 



(83) 

For the right hand side, we compute 



r 



da 



\w\ - w 2 \ 

A t- V^sign^i - w 2 )(f (wi) - f(w 2 )) / 

|u7i(s,7(s,ti)) - w 2 (s,j(s))\ 

si 

+ d s j(s,t x ) [signal - io 2 )(/(wi) - /W)] (s,7(s,ti) 
2 1^(5,7(5, tO) - «; 2 (s,7(s))| ■ (l±d sl (s,t 1 )f'(a)) 

si 

I-S2 

<C |w 1 (s,7(s,t 1 )) -w 2 (s^(s))\ds, 

Jsx 
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for a function a. From (|83|) we obtain 



\v \(x, t) — v 2 (x, t) I dx < C / \wi(s, 7(s, ti)) — W2(s, 7(s))| da 
e-{t) Ja^ 

as claimed. □ 



1.2 Blow up at the points of negative density. 

In this section we aim to prove the following lemma 

Lemma 2. Let u G x [0,T)) be a weak solution of which satisfies 

nU\) . Then for H 1 almost every (x ,t ) Glx (0,T) 

1 f 

limsup- / m (B r (xo,to),a) da > . 
rwO+ r Jr 

A useful lemma that will be used to prove Lemma [2] is the following. 

Lemma 3. Let u G L°°(R x (0,T)) be a weak solution of (T7J). Let r n — > + . 

For (x ,t ) G E x (0,T) define 

u n (x,t) := (D~ 1 )* u(x,t) 
and 



\i n := — I (D Tl )^mda. 



where 

Z>„(M) = (^.^) • (84) 

\ 1 n 1 n / 

T/ien t/iere esisfo forH 1 almost every (xo,t ) 6 I x (0, T) a subsequence r\ 
such that 

Uk -> Moo in Lloc(^ 2 ) ■ 

And furthermore 

—r /ioo in Mioci^ 2 ) ■ 
Which means in other words 



ipdfik 



[ ipdfx^ for all ip G C C °(R 2 ) . 
Jr 2 
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Lemma [3] will be a consequence of of the following proposition, which is 
proved in Appendix A of [Lej . 



Proposition 2. For any constant M > 0, for any bounded set Q, the set 
u G L°°(Q) : ||«||oo+ / / \m(x,t,a)\ <M 



Jn Jr 

is compact in with respect to the strong topology. 

Proof of Lemma [21 By construction we already have 

||«n||oo < Halloo • (85) 

For this reason it remains to show that for all R > \fi n \(Bfi(0, 0)) and for 
Ti 1 almost every (xo, fo) 6 K x (0, T) there exists a constant C > 0, such that 

lim sup //„(£,.„ (0,0)) < C. (86) 

n— >oo 

But this is a direct consequence of Theorem 2.56 in [AFPj . Since ( 1851) and 
( |86i) hold, the assumptions of Proposition [2] are fulfilled and we can extract 
a subsequence tv such that 

uv -> Moo in -^L( r2 ) • 

Additionally we have by the weak* compactness of measures (see Theorem 
1.59 in |AFPj ) . that, possibly after extracting a further subsequence r fc , 

£tfc Atoo in -M , 
Altogether we have for the sequence 

u k -> Moo in ^L( r2 ) 

and 



/i fc -v /ioo in A4 Zoc (I 
which is what we aimed to prove. □ 

Proof of Lemma [H We argue by contradiction. Therefore we assume that 
there exists a point (x ,t ) such that 



limsup- / / m(x,t,a) dadx dt < 

r^0+ r JB r ((x ,t )) JR 



*7) 
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For a sequence r n — ► + we define 

u n (x,t) := (D^ 1 )* u(x, t) 

and 



//„:=—/ (D n )^mda. 



Let Mfc and be the subsequences given by Lemma EJ with limits Uoo, Hoo. 
Then we have by strong convergence, that weak solution of 

dtUoo + d x f(uoo) = 0. 

Furthermore, by the uniqueness of the distributional limit, we conclude that 

/ d t (uoo A a) + d x f(uoo A a) da . 
Jr 

From (187j) we want to conclude now, that 

^oo(5/j(0, 0)) < for all R > . (88) 

Proof of ( I88j) . For the sake of contradiction, we assume, that there exists 
a R such that 

^(^(0,0)) >0. 

In |Le] it is proved, that there exits a set K, which is either a line, or a 
half-line, or the empty set, such that 

d tUoo Aa + d x f{ Uoo Aa) = ((X(u+ A a) - X{u^ A a)) ■ u) K H x ^K , (89) 

where 

X(u)=( f ( U A and u K = , v ) U Ps~ V ^°) \ i I f(u+wri I ■ (90) 
U U X(w+) -X(w-) l-iiH-L^osl I 



Moreover therein it is proved, that Woo is 7i 1 -a.e. approximately continuous 
in and has ?i 1 -a.e. constant approximate jump points it* on .K" . 
A short calculation reveals 

Aa)-Ifc Ao)). Wjf 

= sign( Moo - m+ ) / f(a)da. (91) 



29 



By convexity of / we get 

f( U oo)~\~f( U oo) . el \ r ^r-r + - r + -il 
2 > /(°) fOT fl £ [ mln {«oo,«co}. maX {«oo- M oo}J • 

This and (l9TT) imply, that sign of /ioo is completely determined by sign(u tX) — 
Henceforth 

^(5^(0,0)) >0 

can only be fulfilled, if 

But this implies that the measure is /ioo has a sign, i.e. 

/ioo > . 

Let /i^ be the positive respective negative part of /i&, i.e. /i^ are non-negative 
measures such that 

Then we can extract a further subsequence k' such that 

fly —r v + and fi v —r v~ in Mi oc (R 2 ) . 
For R > and non-negative ip G C^°(B R (0, 0)) we get 

■0 rfyUoo = lim / ip d/x^/ = / ip du + — I ip clv~ . 
b R() (o,o) ' k '^°° Jb r (o,o) Jb r (o,o) Jb r (o,o) 

Since /ioo is non-negative we get for all non-negative ip G C^°(B Ro (0, 0)) 



ip civ < ip civ . 

B Ro (0,0) JB R (0,0) 

Hence 

v-(B R (0,0)) <v + (B R (0,0)) (92) 

By Theorem 1.2 in [Lej (see also Theorem 1.1 in [AKLRj ) we have for a 
rectifiable set J u and an 7i l measurable function h : J u — » R 

/ |m(x, t, a) | c?a = h ■ H 1 L J u + 5 U , (93) 

where 5 U satisfies 

V B Borel H\B) < oo <J„(S) = . 
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Therefore we can choose R±, such that for all k' 

fi„(dB Rl (0,0)) <— I hdH 1 \-J u = 0. 

r k> J D-^dB Rl (0,0)) 

Hence 

u-(dB Rl (0,0)) = lim ^,(dB Rl (0,0))=0. 

This and (JS2J) imply 

lim sup ^,{B Rl {0,0) < u-(B Rl (0,0)) = ^(^(0,0)) 
fc'— +00 

< v + (B Rl (0,0)) < liminf (0,0)). 
lim sup Hk'(B Rl (0, 0)) > liminf /i^,B Rl (0, 0)) — lim sup ^iZ,(B Rl (0, 0)) > 



which obviously contradicts (157]) and we get 

Inequality (1551) implies, that the set A in (!5§I) is non-empty and 

Voo < , 

which gives, again from above considerations 

Moreover the convexity of / implies for every a e (w^, wj,) 

9 t Moo A a + d x f(u oc A a) 

= / /M-/fe) _ /fe)-/fe) \ (a-O^Li^O. 

In other words, we get 

d t Uoo A a + <9 x /(moo A a) < . 

For P = Op, t p ) G M 2 let A" = P + Mcj^ if A" is a line or K = P + M+u;£ if 
K is a halfline. Define 

H+ := {(x,t) : ((x,t)-P)-^>0} 
and 



ff" :={(x,t) : {(x,t) - P) - u K < 0} 
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if K is a line and 

H + := {(x,t) : ((x,t)-P)-u K > and x > /'(«+)(* - t p ) + x p } 

H~ := {(x,t) : ((z,t) - P) ■ cu^ < and a; < /'(u" )(t - t p ) + x p } , 

if if is a half-line. From the proof of Proposition 3.3 in [Lej (see also Theorem 
6.2 in [AKLRj for a similar proof) we get, that 

Moo (^? t) = u~ on H~ and M 00 (a ; , t) = u to on • 



Now we choose f 6 1 and 5 > in the definition of the sets A| +1 and T 
(see (l2"9l ). in such a way that 

x {t} n K ^ V * G (t, t + 1) . 



t+i 



5 <S 
2' 2 



Furthermore is defined such that the conclusions of Lemma CD applies to 
this trapeze. In particular the strong convergence of Uk in L} JJS?) implies 



which directly implies by a change of variable 



t+i 



t J A 



\uk — Uoo I da dt' — > . 



Thus for almost every t\ G (t,t + 1) we get 



\u k 



Moo| (icr — >■ 



(94) 



and moreover by (l9"3l 



MA^ 1 ) = / /iW 1 LJ u = 0. 



(95) 



We set ti := t + 1, then, according to Proposition HJ we can choose a t\ G 
(*, t + 1) such that for all fc G N O, flHHD holds and for k G N U {oo} there 
exists an entropy solution Wk of 



d t Wk + d x f(w k ) = in Til 
w k = u k on A*' . 



(96) 
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By Lemma [T] we have for all t\ < t < t 2 

,*+(*) 



\w k (x,t) - Waofatfjl dx < / \Uk~Uoo\da. 

(t) Jl& 



This and ( 1941) imply 

w k -> ^oo in L 1 (Til) 
By our choice of t\, we have for an x\ G [— |, |] 



itgQ if X < Xl 

if x > xi . 



This structure of Moo at the time t\ allows us to compute explicitly Since 
n oo < M oo5 ^ ne t wo states and w+ are connected by a rarefaction wave 

{u^ if X -Xi < /'(«-)(*-*!), 

(/0 _1 (^) if /KJ(*"*i)<*-*i </'(«£)(* 
U+ if X -Xi > /' (Moo) + (t-tl) • 



We observe, that Woo is a Lipschitz function and this implies pointwise almost 

-1*2 
tl 



everywhere in T* 2 



fttfoo + d x f(w 00 ) = 0. 

Hence 

goo(x, £, a) = dt(u>oo A a) + d x f(w 00 A a) 

= l w < a [9 4 Woo + /' Ooo A a)9 x .Woo] = in T\\ . 

Furthermore the strong convergence of w k in L x (r* 2 ) implies 

Qk —r qoo in Mi oc (R 2 ) , 

where 

?fc = d t w k A a + d x f(w k A a) . 
To simplify notations, we define 

r k := {{x,t) G R x (0,T) : L> fe (x,i) G T* 2 } 

and , 
yl fc := {(x,t) G R x (0,T) : D fc (x,*) G A* 2 } 
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where the map D k is defined in ( 1841) . Then we define the rescaled function 

~ ( ^ = / ( D k)* w k if (x,t)er k , 
Wk[x ' ' 1 u if (x, t)eRx (0, t + r k t 2 )\r k . 

and claim, that w k € L°°(IR x (0,to + ^£2)) is a weak solution of (CQ) for all 
k G N. To do so, we first observe that u k itself is a weak solution of ( |96f l. 
With that knowledge we calculate. 



w k d t ip + f{w k )d x i) dxdt = r / w k d t ip + f(w k )d x ip dx dt 



1 'i 



r\ \ u k d t ip + f(u k )d x ip dx dt 

Ml 

udtip + f(u)d x ip dx dt . 



k 



Using this equality we see 

w n d t ip + f(w k )d x ip dxdt= / w k d t ip + f(w k )d x ijj dx dt 
x[o,t +r n t 2 ] Jr k 



+ / ud t ip + f(u)d x ip dx dt 

J~M.x(0.tn+ri.ti)\r l , 



lx(0, t +r k t 2 )\r k 

ud t ip + f{u)d x ip dx dt 



k 



+ / udtip + f(u)d x tjj dx dt 

jRx(0,t +r k t 2 )\r k 

ud t ip + f{u)d x ip dx dt 

x[0,t +r n t 2 ] 



uo(x)ip(x, 0) dx , 

which means, that w k is indeed a weak solution of ([T]). Therefore the mini- 
mality condition fTTUT) of u applies and we deduce 



/ 



\m(x,t,a)\dadxdt < / \q k (x,t,a)\dadxdt 

x(0,t +r k t 2 )xR Jmx(0,t +r k t 2 )xM. 



But since 

m(x,t,a) = q k (x,t,a) on R x (0,t + r k t 2 )\P k 
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we get 



We claim now 



\m\(r k U A k , a) da < / \q k \(r k U A k ,a) da 



\q k \{A k ,a) = for all k e N . 
Proof of (1981) . We define the domain A e such that 



9A e = Ag^UAg_ e U/,U/ r 



(97) 
(98) 

(99) 



and 
where 

and 



Ag C A £ , 



f 2 - (ti + e) , x ta — (ti - e) 
- + <),- 



A 



A 



h ~ (h -e) x h- (h + e) 
— o, 



A A 

Then for T fc £ := D^(A £ ) and ip G C C °°(R x (0, t + t 2 r k )) it follows by Theorem 
1.3.4 in [Dal 



w Aa d t ip + f(u A a)d x ip dx dt 



a A) 



w 



nip da + J ip dq(x, t, a) , 
(100) 

where n is the outer unit normal of A k . The boundary term can be separated 
in three parts 



a. if 



w 



■ nip da 



mp da 



+ 



w(x, t + r k t 2 ) dx 



J v _ ' ■ mp da 
w J 

w(x, t + r k t 2 ) dx 



(101) 



As e — ► + the two last quantities in the right-hand side of in fllOip vanish. 
For the first expression on the right hand side of f llOip one concludes 



lim 



U 



nip da 



D-\All) \ U 



nip da . (102) 
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With a change of variable and with Lemma [T] it follows 

lim / ( _ ) - nip da — lim r k / (f\ w ) j . nt p ^a 



Dk(K* 1+ J K J e ^ JA 



tl+e 



r k I ( I - nip da (103) 



/(«) 



nip da . 



From (ITUT1) . (HU2D and ffTUBl we conclude 



lim f U ^ ] -nipda = 0. 



Therefore we can conclude from (llOOp 

lim / ip dq(x, t,a) = for ip G C 6 °°(M x (0, t + r k t 2 )) ■ 
£ -* 0+ Ja% 

From this it follows, 

\q k \(A k ,a) = 

as claimed. 

In a next step we show, that (1981) induces 



lim f q k {T t t \ ) a)da = [ q^T^a) da . (104) 
k ^°° Jr Jr 

Proof of (11041) . Since Wk is an entropy solution we deduce from ( |98i) that 
\q k \(dr k , a) = and therefore 

- [ (D k )Jq k \(dT t t l,a)da = 0. (105) 

r k Jr 

Lemma [T] and (1 1 U 5 j) imply for a constant C > 

- / (D k )Jq k \(T^a)da = - [ (D k )Jq k \(dV%a) da + [ q k (T%a)da 

r k Jr T k Jr Jr 

= / <?fc(r^,a) da <C . 
Jr 

Hence one gets for a positive measure v E A4.{Y\\) after possibly extracting 
a subsequence 

- f {D k )jq h \-rv in M(r%). 
r k Jr 
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Then Proposition 1.62 in |AFPj and (11051) imply 

lim - [ (D k ), \q k \{dr\l, a) da = v(dT%) = 0. (106) 
But v(dT\l) = and Proposition 1.62 in [XFP] give again 

lim — / (D k )Jq k \(lf,a)da= lim / q k (T\\, a) da = [ q oc {Y t ^a)da. 

Since ( 1951 and (19H1) holds we deduce from (1971) 
W\(r%)< [ q k (TH,a)da. 
Taking the limit on both sides and applying ( 11041) gives 

1/iooKltO < liminf |/x fc |(rg) < liminf / q k (T\ 2 a)da 
= / q OQ (T t t 2 i ,a)da = 0. 

But 

lM»|(rg) = o 

is contradiction to (1HHD. Therefore 



1 /" 

lim sup- / m(B r ((x , t )), a) da > , 
r-»o+ r </r 

which is, what we aimed to prove. □ 

1.3 Proving that u is entropic 

In this last section we are going to prove 

Lemma 4. Let u G L°°(IR x [0, T) be a weak solution of Let m(x,t,a) 
its entropy defect measure. If for H} almost every (xo,to) G K x (0,T) 

lim sup - I I m(x,t,a) dadx dt > , (107) 

then u is the entropy solution of (T7]j. 



37 



Proof of Lemma L^} We follow closely |ALRj . Without loss of generality 
we can assume /(0) = and / > 0. According to Theorem [5] there exists a 
g ^ W 1,00 (R x [0,T)) such that u = d x g and it satisfies almost everywhere 



d t g + f(d x g) = 0, 
d x g(x, 0) =tt (x). 



(108) 



We want to show, that g is a viscosity solution of (11081) . i.e. we want to 
prove, that g is a sub- and supersolution of (11081) . This immediately implies 
by Corollary 1.7.2 in [ALR], that u is an entropy solution. We already now, 
that g satisfies (11081) almost everywhere, then Proposition 5.1 in [BCJ implies, 
that g is a subsolution. Therefore it remains to show, that g is a supersolution 
of (11081) . Let ip G C 1 (lRx]R + ) such that g— ip has a local minimum in (xo,to). 
Without loss of generality we can assume g(xo,t ) = ip(xo,to). We want to 
show that 

d t ip(x , t ) + f (d x ip(x , t )) > . 
We argue by contradiction, therefore we assume 

d t ip(x , t ) + / (d x ip(x , t )) < . 

Since / > this immediately implies 

^(x ,to)<0. (109) 

For a sequence r n — > + we introduce 

u n (x, t) = u(xo + r n x, t + r n t), 

ip n (x, t) = — (ip(x + Xr n x, t + r n t) - ip(x , t )) , 
r n 
1 

g n (x, t) = — (g(x + r n x, t + r n t) - g(x , t )) , 
r n 

where < A < 1 is a constant, which we choose later. According to Lemma 
El we can extract a subsequence r k such that 

Uk^u^ in L 1 ^) 

Since d x gk = and d t gk = f{uk) we have by Arzela-Ascoli, that converges 
uniformly to a Lipschitz function such that d x Uoo = g^ and g^ fulfills 
(11081) almost everywhere. Furthermore we have for ip^ := Vip(xo, to) ■ (Ax, t) T 

lim ipk{x,t) = ipoo . 

k— >oo 
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We notice, that for all < A < 1 and for all k the functions — ipk have 
a local minimum in (0, 0) . By uniform convergence the function — tp^ 
admits also a local minimum in (0,0) . Moreover 

fj, k = —[ (D k )* mda —r ^ in M{Bi) . 



Similar as in Section 11.21 from 



lim I /x fc (Si(0,0)) > 

JBi(0,0) 



k^oo 

we can conclude 

77*00(2, t, a) := dfUoo A a + d x f(u OQ A a) > . 
Let 5 > 0, then the function 

h s (x, t) := g^ - V'oo + 2 [C 1 ~ + t2 ] 

is defined on and has a strict minimum in (0, 0). Notice that hs(0, 0) = 
and h > in B\. We claim that 

\Vh s \ > a.e. in B x . (110) 

Proof of (1 11 01) . Let (x,t) G B\ such that h$ is differentiable in (x,t) and 
Vhg(x, t) = 0. It follows since g^ solves (jl08p 

= <%oo + f(d x goo) 
= d t ip(x , t ) - 5* + f(Xd x ip(x , t ) + (1 - A)<fa) 
< <9^(x , t ) + Xf(d x i/;(x , to)) + ((1 - A)/(&r) - ft) . 

Since (11091) holds, we can choose 5 and A small enough the expression 

dt1>(x , t ) + Xf(d x ^(x , to)) + 6(f(6x) - t) 

becomes strictly negative, which is a contradiction. Therefore the claim (IllOp 
is proved. 

Further we choose S and A small enough such that 

\d t ip(x ,t )\>\d x ij;(x ,t )- sup f'(s) + 6((l-X)x + t). (Ill) 

«e[— ||«||oo>||«||oo] 

By t > we denote the minimum of h$ on dB\ and by a the essential 
supremum of Uoo on {hs < r}. If a > let a be close to a such that 
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< a < a. Let A := {h$ < r} n {a < Uoo}. The set A has positive Lebesgue 
measure. Therefore by the Coarea Formula and by |V/i$| > it follows for 
E s := {h s = s} 

< f \\7h s (x,t)\dxdt = [ H 1 (AC)E s )ds. 

J A JO 

Hence the set 

S := {s G (0, r) : H l ({a < Uoo } fl £ s ) > 0, ^({^ > a} n £ s ) = 0} 

has positive Lebesgue measure. For a vector t> = (t>i,t>2) we define v L : = 
(— f 2 ,fi) and for asGS the function 



l(s) :-- 



/ [X( Woo A a) - V ± Voo + 5((l- A^t)^ • v 

JE a 



where v = and the X is the vectorfield from fl§Ul) . We choose s 6 S 
such that 

lim- / l(s')ds' = l(s) . 

We define ( e (x,t) :— 1 A (s — hs) + /e and calculate 

. _ J if /i<5 > s or /i,5 < s — £ 

I ~l^h s iis-e<h s <s. 

The choice of s 6 5 an the Coarea Formula implies 



lim / [X( Uoo A a) — V^Voo + - A)s, • V& 
£ ^°Jb 1 



s 



-lim \ / /(s')ds' - Us) . 

s—e 



The sign of moo gives 

< - / [X( Uoo A a) — V Voo + - A)z, t)- 1 ] ■ VC, • 

As e — > this implies 

< / [X( Moo A a) — V^oo + 5{{1 - X)x, t) x ] ■ v . 
Je s 

Now define E+ := E s (~) {u^ > a} and E~ :— E S C\ {u^ < a}. For (x, t) G E s 
we notice 

[X(uoo A a) - V^oo + - X)x, ■ z/ = V"% • V/i 5 = . 
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Therefore it follows 

< / [X(a) - + 5((1 - X)x, t) x ] ■ Vh 5 . 

Je+ 

In order to get a contradiction we claim 

(X(a) - V^^oo + 5((1 - X)x, t) 1 ) -Vh 5 <0. (112) 
We rearrange terms 

[X(a) - VVoo + S((l - X)x, t) x ] ■ Wh & 

= X(a) ■ V 9oo + (V^oc - 6({1 - X)x, t)) (V^ - X(a)) . (113) 

We show ( 11121) . by proving that each term on the right hand side of (11 131) 
is negative respectively strictly negative. Firstly we treat the first term and 
claim 

X(a)-V 9oo <0. (114) 

A short calculation reveals 

X(a) ■ V^oo = /(a) «oo - f{uoo)a 

= /(a)(«oo - a) + (f(a) - /(«oo))a 

7(a) -/(0) /(«»)- /(a) 



a(w„o - a) , 

a — a 

By convexity of / we have in the case a < Moo < a < 

— a a — a a 

This implies 

7(g) -/(Q) _ /KhM] < 

a Uoo — a / ~~ 

and henceforth ( 1114H . if a < 0. On the other hand if < a < a, we get for 

£ G (0,a), a G (a, Moo) 

= /(« < /'(«) < a*) = /( "°°'" /(a) , 

a Moo — a 

which implies ( I114D . Hence the first term of ( 11131) is non-positive and it 
remains to treat the second term. A short calculation gives 

(W^ - 8((1 - \)x, t)) (V^^oo - X(a)) 

drf>(xo, t ) + W(*o, t ) /(Moo) " /(g) + tf((l - A)s + t) 

Moo - a 
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Our choice of 5 and A (see fillip ) imply, that 



Woo - 6{{1 - \)x, t)) (V^ - X{a)) < 
and thus ffTT2l) . Finally (ITT21 implies 

/ (X(a) - AV^f^o, t ) + (1 - X)5(x, t) x ) - Vhs = 0. 
Je+ 

Since 

(X(a) - AV^xo, t ) + (1 - A)5(x, t) x ) • Vh s < 
it follows H}{E+) = 0, which is a contradiction to our choice of s £ S. Thus 

<9tV>(:ro, t ) + / (d x ip(x , t )) > 

as claimed. Henceforth g is the viscosity solution of (11081) and u = d x g the 
entropy solution of (|T]) as claimed. □ 

Proof of Theorem 1 Thanks to Lemma[2]and LemmaH]we can conclude 
the proof of Theorem [H Indeed, we see that a weak solution u £ L°°(R x 
[0, T)) satisfying the assumptions of Theorem CE} has by Lemma [2] 7i 1 -a.e. 
points of positive density, i.e. 

limsup- ( I m(x,t,a) dadx dt > for 7i l a.e. (xq, to) £ ]Rx(0, T) . 

r- >0+ r JB r (x ,t ) Jr 

By Lemma H] we know then, that u has to be entropic. 
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